The Runge approximation theorem 
for generalized polynomial hulls 
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1. Introduction 

We consider for a compact set K in (D n the polynomially convex hull 
K = {z <E<£ n : \P(z)\ < \\P\\k for all polynomials P} 

Where ||P||^ = sup{\P(z)\ : z G K}. 

It is known from the Runge approximation theorem that every function 
which is holomorphic in a neighborhood of compact sets K with K = K can 
be approximated uniformly on K by analytic polynomials. 

Our aim here is to prove the same result in the more general situation when 
the role of K is played by the generalized polynomial hull h q (K) introduced 
by Basener [1] and which can be defined, for each integer q e {0, 1, n — 1}, 
by 

h q {K)= D {ze(£ n : \P(z)\ <5 K (P,z)} 
PeC[zi,---,z„] 

Where Sk{P, z) denotes the lowest value of | \P\ \Knf-HQ) when f ranges in the 
set of analytic polynomial maps(D n —>(£ q vanishing at z. 

Notice, however, that this result does not give anything new when q = 0, 
since h (K) = K. 
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2. Proof of the theorem 

lemma 1 - Let K be a compact set in (U 1 with K = h q (K) and let u be a 
neighborhood of K. Then one can find finitely many holomorphic polynomials 
P n +i, • • • , P m o,nd a closed poly disc A C (T such that 

m 

K C p| {z e A : \Pj(z)\ < 6 K (Pj,z)} = LCu 

j=n+l 

Proof. We may, of course, assume that u is bounded. Then there exists 
a closed polydisc A(0,r) with center at and r = (ri,---,r n ) such that 
u) C A(0,r). It follows that 

A(0,r)V C A(0,r)\h q (K) C (J {z G(C" : P(z) > 8 K (P,z)} 

PeC[zi,-,z„] 

We shall first prove that {zeT: |P(z)| > o~k(P, z)} is open. To see this, let 
(%')j>i b e a sequence of points in K P = {zG (C™ : |-P(-s;)] < ^(-P,^)} which 
converges to a point z6(C n , and let / : (D ra — >■ (C 3 be a polynomial map with 
f(z) = 0. Define f 3 : <D n — <D« by /,- = /- /(^). Then 

< | Ixn/r 1 ^)- Let Q be a point of K fl 1 (0) such that 
1-^(0)1 — I \P\ l^n/- 1 ^)- Then there is subsequence Q k converging towards a 

point C Since \P{z jk )\ < |-P(CjJ| and /((?J — > wnen & — > +°°> 
then a passage to the limit shows that 

\P(z)\ < \P(C)\ < \\P\\Knf-Hoy 

Hence \P(z)\ < 5 K (P,z), and z G X P . 
Because A(0, r)\u is compact there are P n +i, • • • ,P m such that 

m 

A\o;C (J {«GC":|P^)|>M^^)} 

j=n+l 

Let -Pj(z) = ^ j — 1, • • • , n . Since ||-P,-||x < 1 then 

K CL= f) {zeA: \Pj(z) \ < S K (Pj,z)} C uj 

j=n+l 
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lemma 2 - Let L be a compact set in (U 1 and f : (U 1 — > (Z7 3 a holomorphic 
polynomial map with q in the range \<q<n-l such that L n / -1 (0) =F 0. 
If(eLn / _1 (0) is nonsingular point o// _1 (0), then ( G [L H / _1 (0))". 
Where (Lfl/~ 1 (0)) denotes the polynomially convex hull of the set Ln/ _1 (0). 

Proof. 

Let F : (D n x (D — > (D 9 be the map defined by F(z, = f{z)z n+1 . 

By identifying <L™ to (D n x {0}, L can be considered as a compact subset of 
the analytic variety F _1 (0) = / _1 (0) x (D U(D n x {0}. Since ( lies in only one 
global branch Z Q of / _1 (0), then Z Q x (D and (D n x {0} are the unique global 
branches of F _1 (0) containing the point (C, 0). Set Z = Z Q x (D U(D n x {0}. 
If (C, 0) ^ (LC\Z) then there exists a holomorphic function # on F _1 (0) such 
that |<7(C, 0)| > 1 > HpIIlrz- Let h be a holomorphic function on i r_1 (0) such 
that /i(C)0) = 1 and h = on F -1 (0)\Z. Then for sufficiently large positive 
integer k, the holomorphic function = g k h satisfies |gfc(C,0)| > H^Hl, 
a contradiction. We conclude that (C,0) G (LnZ). 

lemma 3 - Let K be a compact set in (U 1 with K = h q (K), and q in the 
range 1 < q < n — 1. Let u and L be as in lemma 1. Then L is polynomially 
convex, ie. L = L. 

Proof. The proof is by induction onm-n. Suppose at first that 

L = {ze A: \P(z)\ <5 K (P,z)} 

Given a point z G L and an analytic polynomial map / : (D n — ► (D 9 with 
f(z) = 0, we shall prove that 

|P(s)|<||P|| i/Ln/- 1 (o) T 
From lemma 2 we obtain the above inequality for any regular point 

zeLn/- 1 (0)m/- 1 (0). 

Now, let z G Lfl Sing(f~ 1 (0)), and assume that |P(z)| > H-PlUn/- 1 ^)- 
Let V be a small neighborhood of L n / _1 (0) such that ||P||y < |P(z)|. 
By perturbing slightly the coefficients of the components of /, we can get an 
analytic polynomial map g = (gi, ■ ■ ■ , g q ) : (D n — ► (D 9 with g{z) = 0, 
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z a regular point of g 1 (0), and g 1 (0) H L C V. (See [3]). 
Which implies that |-P(z)| > | \P\ Ung-^o)) a contradiction. 
Hence \P(z)\ < \ \P\ | Ln /-i(o) f o r all 2 G L H / _1 (0). 

Let C be a point of L H / _1 (0) such that |P(C)| = H-PlUn/- 1 ^)- Then, for all 
z G L n r^O), \P(z)\ < \P(C)\ < 5 K (P,C) < ||P|Un/- 1( o). 
Hence |-P(z)| < $k(P, z), and z £ L. 

We now assume that the statement of our lemma is already known for all 
positif integers < m — n — 1, and let 

L = {z E L m _! : \P m (z)\ < S K (P m ,z)}, 

where L m _i = {z G A : |-Pj(^)| < Si((Pj, z), j = n + 1, • • • , m — 1}. 
Since, by the induction hypothesis, L m _i is polynomially convex, then 

L C L m _! n {z G A : |P m (z)| < 5 K (P rn ,z)} = L 

theorem 1 - Let f be an analytic function in a neighborhood of a compact 
set K G (U 1 with K = h q (K), and q in the range 1 < q < n — 1. Then there 
is a sequence fj of analytic polynomials such that fj — > f uniformly on K 

Proof. By lemma 3 we can find a compact polynomially convex set L 
containing K so that / is analytic in a neighborhood of L. By the known 
version of the Runge approximation theorem [2], / can be approximated uni- 
formly by analytic polynomials on L. This completes the proof. 
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